This paper presents some recent advances in the boundary element method (BEM) for the analysis of carbon nanotube (CNT)-based composites. Carbon nanotubes, formed conceptually by rolling thin graphite sheets, have been found to be extremely stiff, strong and resilient, and therefore may be ideal for reinforcing composite materials. However, the thin cylindrical shape of the CNTs presents great challenges to any computational method when these thin shell-like CNTs are embedded in a matrix material. The BEM, based on exactly the same boundary integral equation (BIE) formulation developed by Rizzo some forty years ago, turns out to be an ideal numerical tool for such simulations using continuum mechanics. Modeling issues regarding model selections, representative volume elements, interface conditions and others, will be discussed in this paper. Methods for dealing with nearly-singular integrals which arise in the BEM analysis of thin or layered materials and are crucial for the accuracy of such analyses will be reviewed. Numerical examples using the BEM and compared with the finite element method (FEM) will be presented to demonstrate the efficiency and accuracy of the BEM in analyzing the CNT-reinforced composites.
Introduction
Ever since the seminal work by Professor Rizzo on elasticity [1] and other work that followed [2] [3] [4] [5] [6] [7] [8] , BIE/BEM has been applied successfully to the analysis of various materials, such as anisotropic materials (see, e.g., [4, 7, [9] [10] [11] [12] [13] ), composites [14] [15] [16] [17] [18] and piezoelectric materials [19] [20] [21] [22] [23] [24] [25] [26] . There is a reason for this continued interest in the BIE/BEM for the analysis of various materials. Besides the often-cited advantage of the reduction in dimensions of the computational models, the BIE/BEM is superior in stress analysis, especially at the material interfaces, which are crucial to understanding the performance and integrity of materials. In recent years, the BEM has been found especially efficient in modeling many materials involving thin shell-like structures [27] or small features, such as composite materials with interphases (see, e.g., Refs. [28] [29] [30] ), thin elastic films and coatings [31] [32] [33] , thin piezoelectric films [34, 35] , and the micro-electro-mechanical systems (MEMS) [36] [37] [38] [39] [40] . The efficiency in the solution of the BEM equations has also been improved dramatically in the last few years by the socalled fast multipole expansion methods (e.g., Refs. [41] [42] [43] ).
Based on these distinctive features and the recent advances in improving its efficiency, the BIE/BEM approach will be a natural choice and may offer significant advantages in the analysis of carbon nanotube-based composites when the continuum mechanics models are applicable. This paper will discuss the related issues in modeling CNT-based composites using continuum mechanics and present the first results in applying the BEM for such modeling to demonstrate the advantages of the BEM as compared with the domain-based FEM.
CNT-Based Composites and Modeling Considerations
Carbon nanotubes, discovered first by Iijima in 1991 [44] , possess exceptionally high stiffness, strength and resilience, as well as superior electrical and thermal properties, which may become the ultimate reinforcing materials for the development of an entirely new class of composites (see, e.g., two recent reviews [45, 46] ). It has been demonstrated that with just 1% (by weight) of CNTs added in a matrix, the stiffness of the resulting composite can increase between 36-42% and the tensile strength by 25% [47] . The mechanical-load carrying capacities of CNTs in nanocomposites have also been demonstrated in some experiments [47] [48] [49] [50] and preliminary simulations [51, 52] . All these studies show the great potentials of CNTbased composites as well as the enormous challenges in the development of such nanocomposites. A comprehensive approach combining analytical, experimental and computational methods need to be adopted to tackle these multiscale, multiphysics problems in the development of nanocomposites [46] .
Computational approaches can play a significant role in the development of nanocomposites. Modeling and simulations can help in the understanding, analysis and design of nanomaterials. At the nanoscale, analytical models are difficult to establish, while experiments are expensive to conduct. On the other hand, modeling of nanocomposites can be done effectively and efficiently. Some initial guidelines to the experimental work can be obtained readily by performing some modeling and simulation work to help reduce the scope, cost and time for the experiments. The main issues in simulations are the proper selection of the mathematical models or theories for the problems considered. Meaningful computer simulations are very much dependent on the accuracy of the mathematical models for the materials under investigation. For the continuum mechanics models in the study of mechanical properties of various materials, the two most commonly used numerical techniques have been the finite element method and boundary element method, both of which have the potential to play an important role in the modeling and simulations of nanomaterials.
Modeling materials at the nanoscale using the well established continuum mechanics approach is a new and challenging task for computational mechanics. Many of the modeling assumptions and approaches in the macro-and micro-mechanics may still be valid at the nanoscale when they are properly applied, while many others may not. Special considerations also arise from the unique geometry (thin shell-like structure) as well as the size of carbon nanotubes. Discussed below are just a few of the many considerations in modeling CNT-based nanocomposites, and many other issues will need to be addressed when the simulations develop into more sophisticated stages, involving, for example, multiphysics or defects.
(1) Can continuum models be applied to CNT-based composites?
The questions one has to answer first before conducting any simulations of CNT-based composites are: What mathematical models should be applied to nanocomposites? Can continuum mechanics approach be applied safely to investigate nanocomposites? It is believed that the answers to these crucial questions depend largely on the purposes of the simulations. If the focus of the simulation is on local interactions among individual atoms, or chemical reactions between the CNT and a matrix material, then the mathematical models based on quantum mechanics or molecular dynamics (MD) should definitely be adopted. However, if the purpose of the simulation is to investigate the global responses of individual CNTs or CNT-based composites, such as deformations, load transfer mechanisms, or effective stiffness of the nanocomposites, then the continuum mechanics approach may still be applied safely to provide such information effectively and efficiently [45, [51] [52] [53] [54] [55] [56] [57] .
Currently available main simulation models for carbon nanotubes can be categorized as discrete and continuum models (Fig. 1) . The discrete models, such as molecular dynamics models, are applied widely in the nanoscale research. In these MD approaches, the atoms are considered as individual particles and the forces among them are calculated using potential theories. The equilibrium or dynamic equations for each particles are established for determining the displacement fields under given loads. These fundamental approaches have provided abundant simulation results for understanding the behaviors of individual or bundled CNTs [58] [59] [60] [61] [62] [63] [64] [65] [66] . However, these nanoscale simulations are currently limited to very small length and time scales and cannot deal with the larger length scales needed in characterizations of nanocomposites, due to the limitations of current computing power (e.g., a cube with an edge length of only 1 µm could contain up to 10 12 atoms). The continuum mechanics approach has also been applied successfully for simulating the mechanical responses of individual carbon nanotubes which are treated as beams, thin shells or solids in cylindrical shapes [53-55, 57, 67, 68] . The current results using the continuum approaches have indicated that continuum mechanics can be applied to models with dimensions of a few hundred nanometers and larger, where averaging of material properties can be done properly for CNTs. Although efficient in computing and able to handle models at larger length scales, the continuum mechanics models at this threshold face the risk of breakdowns more than ever before, compared with the micromechanics simulations. Every effort should be made to ensure that the continuum assumptions are held and results are validated (with either experiments or other simulations). Simulation results obtained using the continuum mechanics approach should also be interpreted correctly. Attentions should be paid to overall deformations or load transfer mechanisms, rather than to local stresses, such as those at the interface between the CNTs and matrix, where the physics may need to be addressed by MD.
There are several options in the continuum mechanics approach for modeling the CNTs. Beam models are 1-D (line) models (usually straight) for slender structural members under bending loads. They have been applied successfully for calculating the overall responses of the CNTs, such as the deformation or vibration modes [53, 55] . Shell models, in which only the 2-D mid-surface of a thin structure is modeled, are easy in modeling and efficient in computing. In addition, CNTs are indeed thin shell-like, cylindrical structures. Several studies of the responses of individual CNTs using the shell models can be found in Refs. [57, 67, 68] . However, it is difficult to couple shell models with the 3-D solid model used for the matrix at the interfaces, since the two models involve different types of variables or degrees of freedom. It is therefore a natural and safe choice to apply the 3-D elasticity (solid) models for the analysis of CNTs when they are embedded in a matrix material. Solid models of the CNTs will provide the best possible accuracy among all the continuum mechanics models. One study of individual CNTs using the 3-D elasticity model can be found in Ref. [54] . Numerical methods, such as the finite element, boundary element and meshfree methods, can be applied readily for solving the 3-D multi-domain elasticity problems that describe the interactions of the CNTs and matrix, if careful attentions are given to the unique geometry of the CNTs.
Both the BEM and FEM will be employed in this paper to study the overall mechanical responses of the CNT-based composites. The advantages, disadvantages and potentials of each method in such simulations will be evident from these examples.
(2) Representative volume elements (RVE)
Carbon nanotubes are in different sizes and forms when they are dispersed in a matrix to form the nanocomposites. They can be single-walled or multi-walled with length of a few nanometers or a few micrometers, and can be straight, twisted and curled, or in the form of ropes [45] [46] [47] [48] [49] [50] . Their orientation in the matrix can be unidirectional or random. All these factors make the simulations of the mechanical responses of nanotube-based materials extremely complicated. To start with, the concept of unit cells or representative volume elements, which have been applied successfully in the studies of conventional fiber-reinforced composites at the microscale [69, 70] , can be extended to the study of CNT-based composites at the nanoscale. In this unit cell or RVE approach, a single nanotube with surrounding matrix material can be modeled, with properly applied boundary and interface conditions to account for the effects of the surrounding materials. This RVE model can be employed to study the interactions of the nanotube with the matrix, to investigate the load transfer mechanism, or to evaluate the effective material properties of the nanocomposite, as have been done for conventional composites. However, since CNT fibers can be relatively short in length, 3-D RVEs may need to be applied for simulating CNT-based composites. The 2-D (plane strain) RVE or 1-D models for studying the responses in the transverse and axial directions of conventional composites, respectively, may not work for nanocomposites based on short CNTs. Requiring 3-D modeling of CNTs will make the simulations of nanocomposites even more demanding.
Three representative volume elements are proposed (Fig. 2) for the study of CNT-based composites. They are, according to the shape of the cross section, circular (cylindrical) RVE (Fig. 2 (a) ), square RVE ( Fig. 2 (b) ) and hexagonal RVE (Fig. 2 (c) ). The cylindrical RVE can be applied to model the cases when CNTs have different diameters [69] . Under axisymmetric loading, a 2-D (axisymmetric) analysis model can be applied for the cylindrical RVE, which can significantly reduce the computational work. Similar to the study of conventional fiber-reinforced composites [69] , the square RVE models can be applied when the CNT fibers are arranged evenly in a square pattern, while the hexagonal RVE models can be applied when CNT fibers are in a hexagonal pattern, in the transverse directions. These RVEs can be used to provide the basic, whereas detailed, analyses of a CNT interacting with the matrix, such as the load transfer mechanism or stress distributions, without overwhelming the computing resources [51, 52] .
With the increase of computing power and confidence in simulations of CNTbased composites, large-scale models containing more CNTs, distributed evenly or randomly, can be employed to investigate the interactions among CNTs in a matrix and to have a more accurate account of the characteristics of the CNT-based composites. From the modeling point of view, interfaces pose serious challenges to any simulation techniques based on the continuum mechanics. This is especially true at the nanoscale. At the nano or atomic scale, the interface is not even a continuous surface. Thus, simulations results near the interfaces should be interpreted carefully.
To start with, perfect bonding can be assumed between the CNTs and matrix in the modeling and simulation of nanocomposites using the continuum models. Research has demonstrated that the possibility of such a strong (C-C) bond exists for CNT-based composites [46, 71] . Other models, such as spring-like models (see, e.g., Ref. [15] ) and a thin interphase models (see, e.g., Refs. [28] [29] [30] ), can also be considered to model the interfaces between CNTs and the matrix.
Finally, an important issue in simulations of CNT-based composites using the continuum mechanics approach is how simulation results should be interpreted and utilized. Again, numerical results should be interpreted properly, considering the limitations of the continuum mechanics approach in such studies. For example, the deformation of an RVE or distribution and order of magnitude of stresses are more important to investigations of the load transfer mechanisms in a nanocomposite, than the actual maximum value and location of a certain stress component near the interfaces.
The BEM Formulation for CNT-Based Composites
For modeling CNT-based composites, the following conventional boundary integral equation for 3-D elastostatic problems [1, 8] can be applied:
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in which u i and t i are the displacement and traction fields, respectively; U ij and T ij the displacement and traction kernels, respectively; P the field point and P o the source point; and S the boundary surface of the domain under consideration. Eq. (1) is a weakly-singular form of the conventional BIE and does not involve computations of any singular integrals in the discretization. This BIE can be applied safely to thin shelllike materials or structures, as long as the nearly-singular integrals can be computed accurately and efficiently [27, 31] .
In the current study of the CNT-based composites, BIE (1) is applied in each domain of the CNT and the matrix separately. The resulting two equations from the two domains are coupled at the interfaces of the CNT and the matrix. Perfect bonding conditions are assumed, that is, continuity of the displacement fields and equilibrium of the tractions are enforced at the interface.
The key step in a successful application of the BEM to the analysis of CNTbased composites is to compute nearly-singular integrals accurately. Nearly-singular integrals occur when the source point is very close to but still off the surface of integration. For example, the integration may be on the outer surface of a CNT (a thin cylindrical shell in the continuum model), while the source point is located on the inner surface of the CNT. Although other methods such as subdivisions can be applied to deal with these nearly-singular integrals, the most efficient and accurate one is believed to be the line-integral approach [27, 72] . For example, the integral with the traction kernel on a surface S ∆ with the source point 0 P nearby can be isolated and further transformed into line integrals using the Stokes' theorem as follows [27, 72] :
in which C is the boundary curve of S ∆ , r the distance between 0 P and P , ν the is the Green's function for 3-D potential problems. This solid angle integral (a surface integral) can be transformed into a line integral on the bounding curve C as well [27] :
in which the variables R , Z , ρ , ρ , v , t and η are some geometric-related parameters defined on the boundary curve C or its projection to a coordinate plane [27] .
It does require some efforts to implement the line integral approach using Eqs. (2) and (4) for dealing with nearly-singular integrals in a 3-D BEM code, which in general only deals with singular and non-singular integrals. A straightforward approach to dealing with nearly-singular integrals in a BEM code is often to consider them as nonsingular integrals and apply smaller elements or subdivide elements into smaller cells. This has been the approach adopted by many BEM code and has been shown to be inefficient. Extra effort in implementing the line integral approach (Eqs. (2) and (4)) in a structural BEM code will not slow down the code at all when thin bodies need to be considered, since the line integrals are much faster to compute and much easier to compute accurately than the corresponding area integrals.
The line-integral approach to dealing with the nearly-singular integrals containing the traction kernel has been shown to be very successful in analyzing 3-D shell-like structures and open crack problems [27, 73] . This approach has also been implemented for the 2-D elasticity cases with further improvement for integrals with weak singularities [31] [32] [33] . The extension to deal with 2-D piezoelectric BIE has also been carried out in Ref. [35] .
Further improvements for dealing with the nearly-singular integrals in the 3-D case has been done recently by employing a nonlinear coordinate transformation for the integrals with the displacement kernel and the regularized integrals with the traction kernel, both can be nearly-weakly singular for a thin body or thin shape, as discussed in [31] in the 2-D cases. Detailed implementation of this nonlinear transformation for 3-D problems and improved numerical test results will be presented in Ref. [74] . With these improvements, the source point can be placed closer to the element of integration without the need to subdivide the element. The line-integral approach and the improvements mentioned above are all employed in this study for analyzing the CNTbased composites, where the CNT thickness can be extremely small compared with its other dimensions.
Numerical Examples
To demonstrate the difficulties in the modeling of CNT-based nanocomposites and the advantages of the BEM over the FEM in such modeling, a short single-walled carbon nanotube embedded in a matrix material is studied using a square RVE (Fig. 3) . The advanced multi-domain BEM based on the work in Refs. [27, 74] is applied to the square RVE model. The commercial package ANSYS is used for the FEM modeling. The effective thickness of the CNT used is 0.4 nm (the theoretical value of the thickness of a single-walled CNT is approximately 0.34 nm [45] ). These values for the dimensions of the CNT and material constants are chosen within the wide ranges of those for CNTs as reported in the literature [53, 61, 64, 65, [75] [76] [77] [78] [79] [80] [81] and can be adjusted readily for a specific case in future simulations. For the interface conditions, perfect bonding between the CNT and matrix is assumed in all the cases studied.
An FEM mesh with converged results for a quarter symmetry model of the RVE is shown in Fig. 4 (a) and a BEM mesh for the full model is shown in Fig. 4 (b) . For the FEM model, quadratic brick elements are employed and one layer of elements are used through the thickness of the CNT. Elements with small sizes are needed also in the matrix near the CNT, due to the element connectivity and aspect ratio restrictions in the FEM. Thus, a large number of finite elements (10,240 in total) are needed in this quarter-symmetric FEM model for this analysis.
On the other hand, in the full BEM model shown in Fig. 4 (b) , a very small number of quadratic surface elements (312 in total) are employed on the interface and boundaries only (the cylindrical CNT is represented by the inner and outer surfaces in the BEM model). The element sizes in the BEM models can be independent of the CNT thickness, because the advanced 3-D multi-domain BEM can handle the thin shell-like CNT domain very effectively and accurately without the need to increase the number of elements (see Refs. [27] for more details).
As the first loading case to study the overall deformation of the RVE, a bending load is applied to the square RVE, which is fixed at both ends and applied with a distributed load q (in the negative y direction, Fig. 3 ) on both the top and bottom surfaces (such that an FEM quarter model can be applied for this antisymmetric case). The contour plots for the deformed shapes of the square RVE using the FEM and BEM are shown in Fig. 5 (a) and Fig. 5 (b) , respectively. The difference between the FEM and BEM results for the deformation is less than 5% ( Table 1) .
As the second loading case to study the load transfer mechanism of the RVE for CNT-based composites, an axial stretch L ∆ is applied to the RVE along the CNT direction at one end and the displacement is fixed at the other end. The contour plots for the stress distributions using the FEM and BEM are shown in Fig. 6 (a) and Fig. 6 (b) , respectively. The load carrying capacity of the CNT can be observed from these plots, as the high stresses (represented by red color) are confined mostly within or near the CNT. With larger ratios of the CNT Young's modulus to that of the matrix (i.e., m CNT E E / , which is 10 in the current case), or long CNTs, the load carrying capacities of the CNTs will be even more prominent (more examples using the FEM can be found in Ref. [51, 52] ). The stress results using the FEM and BEM are almost identical as shown in Fig. (6) and the advantages of the BEM in the modeling of the CNT-based composites are obvious (Table 2 ) regarding the meshing (volumes versus surfaces) and number of elements applied. The examples presented in this section are preliminary and aimed to study the feasibilities of characterizing CNT-based composites using the BEM and FEM based on the 3-D RVEs proposed. The main goal of using the BEM or FEM models of the RVEs is to help determine the effective material properties of the CNT-based composites. For this purpose, the overall deformations of the RVEs under different loadings need to be investigated and the continuum models are most likely applicable. Examples of evaluating the effective material constants of the CNT-based composites using the FEM models of the RVEs can be found in Refs. [51, 52] . A plot of the computed effective Young's moduli based on the data using the RVEs is given in Fig. 7 , where increases of the effective Young's modulus in the CNT composites are plotted versus the Young's modulus ratios of the CNT and matrix. As can be seen from Figure 7 , the reinforcing effects of the CNTs in the stiffness of a CNT-based composite is significant with a small volume fraction of the CNT (2 ~ 5 %), especially for cases with long CNTs and CNTs placed in a "soft" matrix (in Figure 7, m CNT E E / = 200 is corresponding to the case of a polymer matrix with CNT fibers, while m CNT E E / = 5 to the case of a steel matrix with CNT fibers) [51, 52] . More realistic models, for example, multi-walled CNTs, CNTs of large aspect ratios, and larger RVEs containing hundreds of CNTs with random distributions, can certainly be attempted in further investigations using the BEM, where the FEM modeling (meshing) will be even more difficult.
Discussions
The BIE/BEM has been applied successfully to analyzing many material related problems for the last four decades. However, applications of the BEM to analyzing thin and layered materials in particular or shell-like structures in general have long been regarded as, at least, an unwise exercise. This is due to the common belief that the BIE/BEM is not suitable for shell-like problems because degeneracy of the conventional BIE will arise as in the case of the BIE for crack problems. This belief, however, was challenged recently and it can be shown now [27, 82] that the conventional BIE for elasticity will give two distinctive equations across the thickness of a thin shell with vanishing thickness. Thus, the well-known elasticity BIE [1] will not degenerate for a well-posed elasticity problem and can be applied safely to shelllike structures, as long as the nearly-singular integrals can be computed accurately. The hypersingular (traction) BIE is not needed for analyzing shell-like structures, contrary to crack problems. This has opened up a wide area of applications for the BEM in the modeling and simulations of various materials involving thin interface regions, thin films or coatings, or layered materials. The application of the BEM to modeling CNTbased composites, reported in this paper, is just another example of how the BEM can be applied to tackle even the most challenging and urgent material modeling problems. This can be done by using exactly the same BIE developed by Rizzo some forty years ago [1] , as long as the continuum mechanics assumptions are still valid and the simulation results are interpreted correctly.
Various considerations in the modeling of CNT-based composites using the continuum mechanics approach for the purpose of characterizations are discussed in this paper. Three representative volume elements, which are extensions of those used in studying conventional composites, are proposed for the study of a CNT-based composites. 3-D elasticity models are proposed for modeling the cylindrical, thin shelllike CNTs when they are embedded in a matrix material. Methods for dealing with the nearly-singular integrals in the BEM arising in this case are reviewed. Numerical examples presented in this paper show that modeling and simulations of CNTs in a matrix can be very demanding even for the continuum mechanics approach. In general, detailed 3-D models with very fine meshes are needed for the FEM in order to obtain converged results. The BEM can use much fewer surface elements in this modeling and thus offers some clear advantages over the FEM.
There are still many challenges before the BEM can be a practical numerical tool for the analysis of CNT-based composites. For example, to model a large number of CNTs in a matrix, new approaches based on the BEM or its new variations (e.g., the boundary-node method [83, 84] ) need to be developed. To improve the efficiency of the BEM, the use of the fast multipole expansion BEM [41] [42] [43] is inevitable. Finally, multiscale approaches that can link models at the nano, micro and macro scales need to be developed using a combination of two or three numerical methods aimed at different scales. There is much to do in the modeling and simulation of CNT-based composites and other nanomaterials. The BEM will contribute to this emerging field of material research with its unique features, just like it has done since the 1960's for the development of other materials.
